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The tippe-top is a top with a spherical base, whose center of gravity is
below the center of curvature.

It is assumed that the top is on a perfectly rough plane surface, the
friction exerted is dry, and the system is conservative, with an energy
integral.

In this paper the author derives equations of motion for a tippe-top
on a perfectly rough surface, the ellipsoid of inertia about the center
of gravity being an ellipsoid of revolution. The first integrals of the
equations of motion are obtained and the conditions of stability of small
vibrations of the top axis about the vertical are determined.

Let p, gq, r, be projections of the instantaneous value of the angular
velocity vector w on the moving coordinate axes fﬁ]{ which coincide with
the principal axes of inertia of the top, and whose origin coincides with
the center of gravity.

Let y,. ¥y Y30 be direction cosines with respect to the moving axes
fﬁ;{ of the unit vector k, along the direction of the force of gravity
mg, sensed upwards.

Let A be the principal moment of inertia of the top about the axis '3
and the axis 7; let C be the principal moment of inertia about the axis
£: let k be the unit vector along the axis ¢ let Ly be the angular
momentum of the top about the center of gravity.

The angular momentum of the top about the point of contact of the base
is
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dr
L= (aki— k)X Q+ Lo <Q=mmd b4

Here dr/dt is the velocity of the center of gravity, a is the radius
of the sphere, | is the distance from the center of the sphere to the
center of gravity.

From (1) we obtain
dL dr  dLg
W:(akl—lk) xm-{m-% P

On the strength of the theorem on angular momentum about the point of
contact we have

dLg d-

S taky — 1K) x m S = g (aky — 1K) x K 2)

The velocity of the point of contact of the top base is zero

dr

W——wx(akl—lk)=0

Let u, v, w, be projections of dr/dt on the moving axes. Projecting
(2) on the moving axes we qbtain

dp dw dv
A 2t (C— A)gr + ma-s o —mlary— h 9 = meglys

dq du dw
AGr + (A=) pr+ m(ays — 1) 77 — may, = —mehn 3)

dr dv du
C i+ men g —may: o = 0

where
w=alp—ng).  r=anr—~(era— Op. u=(ayg—lganr (4)
Since the direction of the force of gravity is a constant
dk, d’ky
a4 =4 Texk=0 (5

Here the prime denotes the apparent derivative (derivative with res-

pect to moving axes). Projecting (5) on the moving axes we obtain the
Poisson equations

dyy dya dvya .
4t = 2= qva di = PYs— v qr =M1 e (6)

By the kinetic energy theorem we have

1 1 dr\?
dT=d[7L0-w+Tm(gt)]:—mgd(lk-k,) (M

From (7) we obtain the energy integral
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d 2
Lo o + m (-%) 4 2mglk » ky = 2h = const

or

(A + m (@ — 2alys + )] (7% + ¢%) + [C + ma (@ — 2lyg)] r* —
— ma’wy? + 2malrewy + 2mglys = 2h

where
W= pY1+ gY2 + s

In order to obtain a second integral we dot-multiply (2) by (ak1 -~ lk);
since

O=(kxw)Xk+ (ke w)k a Lo= A’ +Co”, o' =(kx*xw)xk, © =(keo)k, 10

it follows that
(w xXKk)-Lo=0

and it means that

d
'E?1Lo'(ak1——lk)]==0
Hence

Lo « (aky — Ik) = Py = const

or
Aawy + (C — A) aysr — Clr = Py 8

It is seen from the integral (8) that the projection of the vector of
angular momentum about the center of gravity on the radius vector from
the center of gravity to the point of contact is a constant. In order to
obtain a third integral we substitute in (2) the expression for dzr/dtz,
dot-multiply the result by k, and take into account that dk/dt is per-
pendicular to LO' The result is

c 2(] — vy4? dr —ma(a _l)< dp+ dq)-malr( —y2p) =0
1 AN, a4 29 =
[C + ma (1 —v37)] T3 Yig; treg, Y19 — YoP

Substituting dyB/dt from (6) for gy, — Py, in the above equations, and

introducing W, we obtain

dr do)l d
(C + ma?) < —mae (ays— 1) T mal I (rys) =0 )

Substituting in (9) the expression for d(rya)/dt from (8), then replac-
ing the expression (C - A)ay3 ~ Cl by its equivalent from (8), and inte-
grating we obtain



Stability of rotation of ¢ tippe-top 575

[(C — A)(C + ma?) — Cmli3| r* — 2maPow; + AmaPey? = Qp = const (10)

It 13 seen from the integral (10) that the projection of the angular
momentum about the point of contact on a principal axis of inertia is a
constant, Integration of equations (6) gives

vty Fyet=1

Let us consider the stability of rotation of the top about its vertical
axis £, that is the stability of motion given by the particular solution
of the equations of motion (3) and (6)

u=v=w=0, p=¢g=0 r=r=const, vi=ys=0, vys=1

We are investigating the stability of rotation of the top with respect
to the variables p, ¢, r, Vs Yo Y3 under the conditions (4),

In the perturbed motion we put
pxgll 9”52, f=r0+€3, Y1 =" Te = g, "{3m1+'ﬁ3 (11)
where 51. fz. 5', Nys Mps N3 8re small quantities.

Since @ = py, + q¥, + r¥y5 it follows that in the perturbed motion
or=ro4 5,  Ga=Em+ e+ Eams + rama + &

The equations of the perturbed motion are obtained from (3) and (6) by
removing from them u, v, », substituting for p, q, r, Yir Y2+ V3o the

expressions (11) and making W =1y + &y

The first integrals of the perturbed motion are

Vi={A4 +m[a®—2al (1 + 1) -+ 1]} (€% + &2%) + 2mging + 2malky (ry + Es)+
+{C + ma[a— I{1 + 2ng)]} 2ryZs + £s®) — ma®E, (2r 4 Ei) = const
Vo= Aafq + (C— Ayargms + [C (e — ) — Aa] &3 + (C — A) aksys = const
Vg = [(C — A) (C + ma?) — Cmi%| Ey? + 2ry [(C — A)(C + ma?) — Cml?] By —
— 2mary [C (@ — 1) — Aa] Eg + Ama,® = const
Ve=nt+m + 20+ 92 =0
The Liapunov function is constructed by the Chetaev method in the form
of a combination of the integrals
V=Vi+ Vet uVs+ W+ oV
The constants A and p are determined by equating to zero all the linear
terms of V¥, with the exception of the positive one (—»2:¢2r02n3)
y.n D (mgl + V) [C— A4+ ml(a— D] —mar[a(A—C)+ Al —ml {a — )]
e ar2 (A —C) |C + ma (a — D)}

Carg? —— (a — 1) [m! (g 4 ary?) 4 v)
arg2 (A —C)[C 4 ma (a — )]

P

The constants p and v are arbitrary, with p being a negative or a
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sufficiently small positive quantity. Let

V¥ = A1 (512 + 52%) -+ AoBs? + 2A435ams + Agma® + v (m® 4 2% + A (B + Eonp) +-
+ o (m® 4 me® 4 1a%) (M2 4 Ne® + Na® + 4ms) + ma? (1 4+ pA) [E:2m? + 20?4
+ Za®n® + 2 (BiZomne 4 SaZamns + E1famn + rofinums + Eafanama + Eafanz + rofenems +
+ E3™ns + rZama® + rofana)] + 2mal (§iEsny + Exfave + Es?ns) — 2malr s
TRV

where
Ady= A+ m(a—12
Ag = C + 2ma® 4+ pC [C — A + m (a® — 1?)]
2A3 = Ca [» — 2pmry (a —1)]
Ay =r¢?ma? (1 + pA) + v+ 4o
As=a[—2mry(a— 1) (1 + 1C) + A Qumroa + )]

The function V is then a positive-definite function of the variables
51, fz, éé, My My M3, 1f the quadratic form of the above variables, is
also positive-definite

V¥ = A} (20% + Zo%) + AoZs? + 2As8sms + Agns® + v (M 4 92?) + Ay (Binr + Eame)

According to Sylvester the necessary and sufficient conditions for
positive-definiteness of V** are

1) 43>0, 2) 4Av—A2>0, 3) Apdy— A2>0, 4)v>0, 6) A,>0

or

1) CH+2ma?+puCiC—A+m@—013)]>0
2) 4{A + m(a—1)]v—a?[—2mare(a — 1) (1 + Cu) + A (2pmrea + 1)]2 > 0(12)
3) 4{C +2ma® 4+ pC{C— A+ m(a®>— )} [re®Pma® (1 + pA) + v + 4p] —
— C2a% [} — 2umrg(a — D)2 >0
)y roPma*(1 +pA) + v+ 4o >0
) v>0
According to Liapunov the conditions (12) are the necessary conditions

for the stability of rotation of a top about the vertical axis. The con-
ditions (12) become:

(SIS

1) 4[A +ma—12]v—a?[—2mro(a— 1)+ AA2 >0
2 4 (C + 2ma?) (re?ma? + v + 4p) — C2a®22 >0
3) roma? 4+ v+ 4p >0
Y (¢« — ) mgl
4) To" = g [C = (a—Ty mi]
where

Cary? — (a — 1) (g + arg®) m!l . 2r,
- T , ho=—

w—1
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ifu=0andp >0

1) 4[A4+ma— D v—a[—2mri(a— 1)+ 242 >0
2) 4 (C + 2ma®) (12 + ma? + v) — C2a22 >0

. (@ — 1) mgl
3) ' > 0 =(@—l)mi]
where
Carg* — (a — 1) (g + are?) ml _ 2r,
= a—1 ’ h=—T
ifA=0

1) CH+2ma*+Cp[C—A+m@—1)}>0
2) 4d[A4mia— 1| v—a?[—2mrg(a— ) (1 + Cp)+ 2pdmarg] >0
3) {C+2ma®>+Cp[G— A+ m (e — 3)]) [ry?ma (1 + pA) + v + bp] —
— C2a*mPuirg (@ — D> 0
4) ro?ma® (1 + pAd) 4+ v+ 4p >0
. gl|C— A+ mla—1)]

9) ' > TMA=Cat Al=mP{a—0)]
where
1 marg® [(A— C) a4 Al — mi? (a — )] .
P=—"C A+ mlia—1) ' v= C—A+mi(a—1) —mge
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