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The tippe-top is a top with a spherical base, whose center of gravity is 

below the center of curvature. 

It is assumed that the top is on a perfectly rough plane surface, the 

friction exerted is dry. and the system is conservative, with an energy 

integral. 

In this paper the author derives equations of motion for a tippe-top 

on a perfectly rough surface, the ellipsoid of inertia about the center 

of gravity being an ellipsoid of revolution. The first integrals of the 

equations of motion are obtained and the conditions of stability of small 

vibrations of the top axis about the vertical are determined. 

Let P, q. r, be projections of the instantaneous value of the angular 

velocity vector o on the moving coordinate axes 6776 which coincide with 

the principal axes of inertia of the top, and whose origin coincides with 

the center of gravity. 

Let yls ype yye be direction cosines with respect to the moving axes 

5~6 of the unit vector kl along the direction of the force of gravity 

sg, sensed upwards. 

Let A be the principal moment of inertia of the top about the axis 6 

and the axis ‘I; let C be the principal moment of inertia about the axis 

[; let k be the unit vector along the axis (; let L,, be the angular 

momentum of the top about the center of gravity. 

The angular momentum of the top about the point of contact of the base 

iS 

572 



Stability of rotation of a tippc-top 573 

L = (akr - Ik) x Q + I,, 

Here dr/dt is the velocity of the center of gravity, a is the radius 

of the sphere, 1 is the distance from the center of the sphere to the 

center of gravity. 

From (1) we obtain 

Gr dL 
$ = (akl- Ik) x ,)L dt’ + dt 

On the strength of the theorem on angular momentum about the point of 

contact we have 

dLo 
dt + :akl - Ik) 

d’r 
x m dt” = ,ng (akl - lk) x k1 (3 

The velocity of the point of contact of the top base is zero 

Clr 
dt - w x (akl - Ik) = 0 

Let u, v, 0. be projections of dr/dt on the moving axes. Projecting 

(2) on the moving axes we obtain 

‘4 g + (C - A) ‘I’ + rno.:: $ -- ,)L (a*:, - lj $ = ?,,g/.,,: 

A $ $ (A -C) pr + ITI (nys - /) $- - niny, $- = - rtL~/*~* r 61 i3) 

dr rh du 
c -&- + Iuny, dt - ml-f~ dt - =o 

where 

II’ = n (:‘zp - y,q), I’ =: oy,r - (nyz - I) p. u = (‘I;.:* -- I. ‘7 -. n-,*-r (4) 

Since the direction of the force of gravity is a constant 

dkl d’k, 
-==-jj-+oxk,=O dt (5, 

Here the prime denotes the apparent derivative (derivative with res- 

pect to moving axes). Projecting (5) on the moving axes we obtain the 
Poisson equations 

dyl dye 
dt = 'yz - qya. -= 

dt py3 - Tl, 

BY the kinetic energy theorem we have 

dn 
dt = 9?1- PY2 W 

dT = d 
1 1 dr 2 

T Lo. w + - ),I ;It 
2 ( !I = - tqd (lk . k,) (7 

From (7) we obtain the energy integral 



574 L.S. Isacva 

~~.a, + m $ a+ Zntglk l kl = 2h = con& 
C > 

[A + m (a2 - 2dy3 + WI (p2 + ?I + [C + ma (a - ~~Ys)I r2 - 

- ma2012 + Zmalrol + 2mglyJ = 2h 

where 
%=pYl+ QY2 + ry3 

In order to obtain a second integral we dot-multiply (21 by (akl - Zk); 

since 

m=(kxo)Xk+(k.o)k, a &,=Aw’+Cw”, w’=(kxw)xk, w”=(k*w)k, TO 

it follows that 

and it means that 

(w x k).Lo=O 

d 

Hence 

dt [LO l (ski - Ik)] = 0 

Lo l (ski - Ik) = PO = const 

or 

Aaol + (C - A) aygr - CZr = PO (8) 

It is seen from the integral (8) that the projection of the vector of 

angular momentum about the center of gravity on the radius vector from 

the center of gravity to the point of contact is a constant. In order to 

obtain a third integral we substitute in (2) the expression for d2r/dt2, 

dot-multiply the result by k. and take into account that dk/dt is per- 

pendicular to Lo. The result is 

dr 
[C + ma2 (1 -n2)]dt-ma(ay3--4 - malr (ylq - y2p) = 0 

, 

Substituting dyg/dt from (6) for qyl - py2 in the above equations, and 

introducing o1 we obtain 

dr 
(C+maYdt-- ma (ay, - I) 2 - mal --$ (ry3) = 0 

Substituting in (9) the expression for d@y3)/dt from (8). then replac- 

ing the expression (C - A)ay3 - Cl by its equivalent from (8). and inte- 

grating we obtain 
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[(C - A) (C + ma3 - CmP] r2 - 2tmtP~ti~ + Amdt~~* = Qo = cast m 
It is seen from the integral (10) that the projection of the awular 

momentum about the point of contact on a principal aXiS of inerth ia a 
constant. Integration of equations (6) gives 

Yl$ + Y8% + Ya2 = i 

Let us consider the stability of rotation of tfie top about its vertical 
axis 5, that is the stability of motion given by the particular solution 
of the equations of motion (3) and (6) 

u=v =w=o, p=Q=O, r=?~=COnst, Y1= Ya = 0, Ys = i 

We are investigating the stability of rotation of the top with respect 
to the Variables p, qr r, yl* y2, yg, under the conditions (4). 

In the perturbed motion we put 

P = El, 9 = F;z, r=ro+Ess, Yl = rll, Yz = Ile, Ys = 1 + -qs (111 

where 5,. c,. e3$ tfi, qzS ~~~ sre small quantities. 

since oj = pyI + qy2 + rY7, it follows that in the perturbed motion 

6% = r* + e4, e$-rl~lll+Fe~s+~~+rorla+ks 

The equations of the perturbed motion are obtained from (3) and (6) by 
removing from them u, V, a, substituting for p, 4, r, Yi’ Y2’ y3, the 
expressions (11) and making o1 = r0 + tl,. 

The first integrals of the perturbed motion are 

The LiaPUnOV function is constructed by the Chetaev method in the form 
of a combination of the integrals 

The constants x and c( are determined by equating to zero all the linear 
terms of V, with the exception of the positive one (- 2 so2r02W3) 

Caro2 -- (a - 
jl -7 

0 /ml (g -I- nro2) “I- VI 
nro2(A-C)fC+-ma(a-Zftj 

The constants p and Y are arbitrary, with p being a negative or a 
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sufficiently small positive quantity. Let 

V*<V . . 

where 
R11 = ‘-l + m(a-Z)2 
.4g = C + 2ma2 + $ [C - A + m (a2 - P)] 

2A3 = Ca [‘r - 2pmr, (a - 1)] 

A, = ro2mu2 (1 + PA) + v + 4p 

A, = a I-- 2mro (a - I) (1 + PC) + A (2pmroa + h)] 

The function V is then a positive-definite function of the variables 

4,* $1 63s ‘Ill 772* 73’ if the quadratic form of the above variables, is 

also positive-definite 

v** = A, (;,? + is?) + A@ + 2A3537,3 f A 47i32 + v (y112 + 127 + A, (El?1 + 4212) 

According to Sylvester the necessary and sufficient conditions for 
positive-definiteness of V** are 

1) Az>O, 2) ~APJ-AA,‘>O, 3) &A,-&P>O, 4) v>O, 6) A,>0 

or 

1) C+2mn2+~C(C--A+m((a2-P)]>O 

2) 4 [A -I- m (a - 1)?] v - a2 [- 2maro (a - 1) (1 + Cp) + A (2pmr0a + h)12 > 0 (12) 

3 1 4 {C + ha2 + i*C [C - A + m (a? - P)]} (ro2m$ (1 + i*A) + v + 4pj - 

- Pa2 [L - 21*mr0 (a - 1)12 > 0 

4) Qmu2 (1 + PA) + v + 4p > 0 

5) v>O 

According to Liapunov the conditions (12) are the necessary conditions 

for the stability of rotation of a top about the vertical axis. The con- 

ditions (12) become: 

ifp= 0 

1) 4 [A + m (a - Q2] v - a2 [- 2mro (a - 1) + AA]2 > 0 

2) 4 (C + 2ma2) (ro2ma2 + v + 4p) - C2a2A2 > 0 

3) ro2ma2 + v + 47 > 0 

4) 
(a - 1) mgl 

roz i a [C - (a--l) ml] 
where 

Caro2 - (a - 1) (g + are*) ml 
y -: 

2r, 
n-l 

j. zz - 

a - 1 
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if p= 0 andp >,O 

1) 
2) 

4 [A + m (a - 1)2] Y - a? [- 2mr, (a - I) + hAI > 0 

4 (C -j- 2ma”) \r,? + ma2 + v) - C2ash2 > 0 

3) 
(a - 1) mgl 

ro2 > (I [C-((a-l)ml] 

where 

Caro2 - (a - 1) (g + a+) ml 
v= 

U--l 
,,z_-& 

ifX= 0 

1) 

2) 

3) 

4) 

5) 

c + “?na? + ct* [C - A -j- ?)L (a” - F)] > 0 

4 [ ‘4 + rt1 (a - I)?] v - a2 [- Zmr, (a - 1) (1 + Cp) + 2pAnmro]z > 0 

{C + 2n20? + Cp [C - A + m (a2 - P)]) [r,?ma2 (1 + PA) + v + 4p] - 
- C?&+“o’? (a - 1)” > ,, 

rozma2 (1 + p-61) + v + 4p > 0 

PO2 > 

gl IC - n + ml (a-l)] 

a~(A-~)a+~l1-mml~(a--I)] 

where 

1 
pL=- C--A +ml(a--1) ’ 

v = mare? ((A - C) a+ A - ml2 (a-l)] 

C--A +ml(a--1) - mgi 
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